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Noise-induced phase locking in coupled coherence-resonance oscillators
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We investigate the effects of additive noise on coupled excitable chemical oscillators, particularly focusing
on how oscillatory coupled modes can be induced by noise. We find that phase locking in the weak coupling
regime occurs through coherence resonance, although the resulting phase locking modes are apparently similar
to those in coupled deterministic oscillators. Experimental observations are approximately reproduced in a
numerical simulation with a forced Oregonator reaction-diffusion model.
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I. INTRODUCTION an apparently similar way to that of coupled deterministic
oscillators. Some experimental results are numerically simu-

Phase locking in coupled or periodically forced nonlinear|yieq using a forced Oregonator reaction-diffusion model.
self-sustained oscillators is a typical phenomenon of self-

organization in physical, chemical, and biological systems
[1-4]. External periodic forcing above a threshold induces
n:m phase locking pattern with firings for n forcing peri- Experiments were carried out with a localized reaction
ods, depending on the forcing amplitude. For a periodic sigsystem in which the trig2,2 -bipyridine) ruthenium (I1)

nal below a threshold, the addition of a certain amount noiseomplex[Ru(bpy);>*] was immobilized in cation exchange
can also induce phase locking. This phenomenon, callegeads of submillimeter sizgl6,17. The experimental setup
noise-enhanced phase lockiffg-7], is a kind of stochastic js almost the same as those described in an earlier pagler
resonance. Self-sustained oscillators have primarily theiThe initial composition of the BZ reaction solution was
natural frequencies and amplitudes that can be controlled bNaBrO,]=0.45, [NaBr]=0.05M, [CH,(COOH),]=0.3M,
random forcing in the process of phase locking. In contrastand [H,S0,]=0.4M. Reagent grade chemicals were used
excitable oscillators do not possess any eigenfrequencies. {githout further purification. The cation exchange beads
excitable systems driven by noise alone, however, the oscitpowEX, 50W-4%) of 0.5 mm in diameter were loaded
lation is induced above a certain noise intensity and becomegith a solution of{Ru(bpy)s>*]=1.2x 10°5 mol/g beads. At
quite regular for an optimal noise intensity. This phenom-is composition, the system was initially in the oscillatory
enon is referred to as coherence resondfég [8-12. Ina  rggime. The excitable steady state was realized by taking

stophastic_ oscillatorZ ie., a “CR _oscillat_or,” the noise- advantage of the high photosensitivity of ®py):2* [18].
activated time scale is reconciled with the time scale characp,o period of oscillation increased monotonically with in-

teristic of the system at an optimal noise intensity. This ha
been experimentally confirmed in excitable optifh8] and

II. EXPERIMENT

Rreasing illuminated light intensity and finally the excitable

. i - steady state appeared for a light intensity of more than about
chemical reaction systenj44]. In coupled systems consist-

) ; : i " 1.=9 mW. Then the period under the dark was estimated by
ing of stochastic oscillators, therefore, more fruitful no'seextrapolation to be approximately 40 s. In the experiment we
effects can be expected, compared with those of determinigge | at 10 mw. We employed an electric field as an exter-

tic oscillators. Recently, Postnoet al. have found that @ 5 torcing to stimulate the excitable medium, since the elec-

coupled excitable system can possess several noise-inducgfl fie|g has pronounced effects on dynamic behaviors of
oscillatory modes, using an array of excitable units using aamical waves

monO\;]l_brator circuif15]. . I d ically i . Sensitive responses to electric fields are related to the fact
In this paper, we experimentally and numerically InVesti-y 4t mast chemical species relevant to wave propagation are

gate behaviors of noise-induced oscillatory modes in an exgic The electric field induces additional drifts of ions,

citable coupled reaction-diffusion system. In the experimentpich result in a change in the ion concentration around the
we use a discrete type of the Belousov-Zabotingy) re- _electrodes. In order to exert such a field effect on only one

action as the excitable units. The coupling in this system ig,; itaple head, we placed one bead in contact with one elec-
due to mass diffusion, so that coupling is inherently accomyqqe and placed another excitable beabart, as shown in
panied by a time delay. A time-delayed coupling is COM-giq 1 Here the former bead was tentatively termed the os-

monly seen in the information transmission between bi°|°gi,'cillator 1(0SCY, and the latter bead was termed the oscil-

cal oscillators. We find that the some phase locking occurs iMtor 2 (OSC2. In this experimental setup, only OSC1 is
stimulated by an external electric noise. In fact, noise-
induced waves were always initiated at the contact point of
* Author to whom correspondence should be addressed; electronthie bead with the electrode. In contrast, OSC2 is stimulated
mail: miyakawa@fukuoka-u.ac.jp only through the firing of OCS1. When OSC1 was removed
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coherence of the noise-induced oscillation by usi®gde-
fined by R=\(T?)—(T)?/(T), where(T)=(1/N)=},T;, N is
- the number of firings, and; is the time interval between the
V e Y i \ ith and(i + 1)th firing events. With increasing, the oscilla-
- 0SC1 !
\ 4
—

£ 0sC2 | tion of OSC1 became more regular, aRgassed through a

1\

. maximum atB,=0.65 V. This suggests that CR occurred on

q— OSC1. The value 0B, is consistent with the earlier result
d [14]. With the occurrence of CR, phase locking appears with

the period ratio ofT:T,=1:2, whereT; and T, denote the

periods of OSC1 and OSC2, respectivdlyig. 2(d)]. It

should be noted that the phase locking between two oscilla-

tors is governed by CR, although such a mode is apparently
) ) ) similar to that in coupled deterministic oscillators. With a

FIG. 1. Schematic representation of the experimental setupy,rther increase irB, the oscillation of OSC1 became irregu-
OSC1 contacts one of two electrodes. Electrodes are placed 2 Mg, accompanied by a decrease of the firing {&ig. 2(b)].
apart and_ parallel to the sur_face of the reaction medium. The array nonresonant state appeared, as seen from the ISIH in
of beads is placed perpendicular to the two electrodes. which incommensurate periods are clearly distinguishable

) [Fig. 2e)]. WhenB=0.85 V, phase locking of;/T,=1 oc-
from the reaction medium, in fact, no waves were excited orgyrred[Fig. f)], although the firing of OSC1 became more
OSC2 in the range of the noise amplitude investigated in thisrregular and its averaged period was approximately doubled
study. The added electric noise is representedBgyt),  [Fig. 2c)].
where B is the amplitude and«t) are random numbers Next we investigated thé dependence of entrainment for
equally distributed between -1 and 1 with the duration timefixed 8(=0.65 V). For d<80 um, the interaction between
6. In the measurement, we chose the duration timeSof two oscillators is strong, so that the mode of 1:1 always
=0.225 s. appears as shown in Figs@apand 3b). With increasingd,

The coupling behavior can be controlled by varymhgso  the interaction between them no longer becomes strong
thatd acts as a coupling strength. Wheér 100 um, the two  enough to keep the 1:1 mode, so that coexistence of the 1:1
oscillators were always decoupled for any value of the noisend 1:2 modes, namely, two-mode behavior, occurs as a pre-
amplitudeB. Whend=<70 um, to the contrary, 1:1 entrain- cursor of stable entrainment of 1[Eig. 3(c)]. Finally the
ment always took place for ang. This region is in the tight 1:2 resonance behavior appears in the weak coupling regime
coupling regime. At an intermediate value @yfcorrespond-  [Fig. 3(d)].
ing to the weak coupling regime, various modes of entrain- To further characterize the coherent behavior, we intro-
ment appeared depending @ The time evolutions of the duce the ration,/n;, wheren; and n, are the number of
two oscillators and the corresponding interspike interval hisfirings induced on OSC1 and OSC2, respectively. This quan-
togramg(ISIHs) atd=100 um are shown in Fig. 2. For small tity provides a measure of the stability of phase locking: in
B, irregular firings were induced on OSC1, but OSC2 did notstable phase locking, the value mf/n; does not change so
exhibit any response to them. We evaluated the degree akensitively with variations of the external control parameters.

two electrodes
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the case thag is fixed at 0.65 V, thel dependence afi,/n;

is observed only for 7686d<<110 um, as shown in Fig. @).

This region is just in the weak coupling regime. For a varia-
tion of d or B, n,/n; does not change smoothly but has a
plateau near 0.5. This means that entrainment of 1:2 is
stable.

Ill. MODEL

We consider a simple one-dimensional BZ reaction sys-
tem consisting of interacting excitable units separated by an
inactive area, i.e., a diffusion area. Recently, frequency trans-
formations of chemical signals in a similar system were stud-
ied using FitzHugh-Nagumo mod¢lL9]. We employ the
three-variable Oregonator model modified to take into ac-
count the effects of an external electric noise. An electric
field influences transport processes of reacting ionic species.
In reaction-diffusion models the terms describing those addi-
tional drifts appear coupled to a gradient tdi20,21]. In our
experimental setup, however, the electric field is not applied

FIG. 3. Interspike interval histograms as a function of the spacacross excitable beadsee Fig. 1. Therefore, such a field-

ing d between two beads for the noise amplityge0.65 V, where
t, denotes the time interval between successive firing eveays:

d=70 um, (b) d=80 um, (c) d=90 um, and(d) d=100 um.

The dependence of,/n; on the noise amplitude adl
=100 um is shown in Fig. éa). The remarkable feature is
that, with the occurrence of CR #,,=0.65 V, n,/n; takes

induced drift of ions seems not to occur on the excitable
areas under consideration, although in the diffusion area be-
tween two electrodes it can occur. Of three fundamental spe-
cies in the Oregonator model only the inhibitorBs influ-
enced by the electric field, and both the autocatalytic species
HBrO, and the catalyst Rbpy)s>* are not directly affected
because HBr@is not charged and Rbpy)s®* is immobi-

a nonzero value abruptly. This means that the informationzq i the beads. Now we assume that OSC1 is excited by
transmission between excitable units is enhanced by CR. 1 fie|d-induced change in the concentration of Bround the
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electrode, which initiates waves at the point of contact with
the electrode. Then the model equations in excitable areas
are given by

Ju 1 #u
E:;[U—UZ—W(U—OI)FDUE, (1)
Jdv
= 2
praatintd (2
A

1 Pw
ot E'[fv W(U+Q)+¢]+,3§+le9xg, (3
where the variables, v, andw describe the concentrations

of HBrO,, the Rubpy);>* catalyst, and Br, respectivelyD,,
andD,, denote the diffusion coefficients of HBy@nd Br,
respectively.e, €', and q are scaling parameters, is the
stoichiometry parameteg is the light flux, andB¢ is the
electric noise with the noise amplitugizand Gaussian white
noiseé. Here the noise term is considered only at the end of
OSC1, namely, the point of contact with the electrode. Thus
the external control parameters apeand 8. In the absence

of the light flux, these parameters were chosen such that the
system was in the oscillatory regimg=0.002,f=1.4,¢€
=0.01,¢=0.0001,D,=1.0, andD,,=1.12. Then the period

FIG. 4. Ratio of the firing number of OSC2 to OSC1 as a func-was 4.2. With increasingp, the period of oscillation in-

tion of the noise amplitude3 or the separatiord between two

oscillators:(a) d=100 um and(b) 8=0.65 V.

creased monotonically, and finally the excitable steady state
appeared. We fixed the illumination intensity ét0.008
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such that the system was initially in an excitable regime (d) 1.0-.:.%;....;. "
close to a Hopf bifurcation point. 1200 08 a o %, 1
We assume that in the diffusion area separating two excit« soo 0.6 AA““OOO °l
able beads the reaction terms are absent in the correspondir .1 £ oal 4sak@aaag
equations. Then the model equations in this area are given b A
0.2 .
2

ﬂ = Dua_g (4) 1200 0.0 . . ]
! 0.00 0.05 0.10 0.15

at ax s G 5
ov 400 (€) 10FgEeES T ]
E =0, (5) 0 08F a° ° 1

[¢]

1200 . _06r AAggngo 1
W _ o Pw e " T ‘o
at Vaxe 400 B2 1
. . . . i 0.0, , ., 80
In the computations the whole interval was divided into o o1 oz o8 04 2 4 6 8 10 12 1(2

equally spaced grids. When the diffusion area is located be frequency d

tween the grid pointg; andx,, the separatiod between the
two beads is estimated y=x,—x;—1. This quantity plays FIG. 5. Power spectral density of noise-induced oscillation on
the same role as the separatidnin the experiment. The OSCl(black and OSC2gray) atd=6:(a) 5=0.03,(b) 8=0.07,(c)
boundary condition at both ends of the interval was taken t@=0.1; and the ratio of the firing numbers of OSC2 to OSC1 as a
be no flux, while that between excitable and diffusion areadunction of the noise amplitudg or the separatiord: (d) d=3
was taken to be free. (black circle, d=6 (open circlg, andd=9 (black triangle; (e) B8
First, we investigated noise-induced effects on one oscil=0-03 (black circlg, 3=0.07 (open circlg, and f=0.1 (black
lator. To characterize the degree of coherence, we Bste  1angle.

standard deviation of the time interval between successivepig affects the order of the occurrence of entrainment with
firing events. We confirmed tha& passes through a mini- g |n the model, 1:1 entrainment, two-mode behavior, and
mum at the optimal noise amplitudg,y, which clearly  7:2 entrainment occur in that order, while in the experiment
shows the occurrence of coherence resonancg,@t The  they occur in the opposite order. This probably comes from
period of coherence oscillation g, almost coincided with  the difference in thg8 dependence of firing. In the model the
the period under the dark, in agreement with the experimenfiring number increases monotonically wif) while in the
tal observation. experiment it increases unt, is reached and then de-
Let now consider the case of interacting CR oscillatorscreases to zero with increasify In addition, as seen from
placedd apart. We assume that the noise is applied only td=ig. 5d), the present simulation cannot reproduce the region
the end of OSC1, and OSC2 is stimulated only by firings ofwheren,/n; does not take a nonzero value urgiincreases
OSC1, in the same manner as in the experimental setup. THgyond a certain value 8. The existence of such a region
computation was performed by the improved Euler methodnay be related to the observation that the coupling between
with a grid spacingA\x=0.25 and time stepAt=0.001. Fig- two excitable oscillators is accomplished through a manifes-
ures %a)-5(c) show the evolution of the power spectra with tation of coherence resonance. Unfortunately, such a cou-
B atd=6. We can see that, in addition to simple entrainmentgling fashion is not considered in the present model.
such asr;:T,=1:1 and 1:2, awo-mode behavior appears at  In the sense that a monotonic increase of the firing num-
the intermediate value g8, as observed in the experiment. ber with 8 as observed in the present simulation has also
The dependence of the ratig/n; on the external control been observed in other experiments and numerical simula-
parameters is shown in Figs(d® and Fe), wheren, andn,  tions [9,12,13, the present experimental system may be
are the numbers of firings induced on OSC1 and OSC2, rg-ather peculiar. Sensitive responses of BZ reaction media to
spectively. We can see that there exists a plateau nean electric field are mainly related to a field-induced trans-
n,/n,=0.5, except fon,/n,=1. This denotes that in addition port of the inhibitor BF [20,2]. A strong noise electric field
to the entrainment of 1:1, the 1:2 mode is also stable againg¥ith 3> B, forces a rapid change in the transport direction
a variation of the external control parameters. Wden13,  of Br™. However, Br cannot diffuse in response to such a
the two oscillators were always decoupled for any value ofapid change because of the finite diffusion coefficient of
the noise amplitudgs. Whend=<2, to the contrary, 1:1 en- Br~. As a result, a field-induced redistribution of Bwvould
trainment always took place for agy In the range ofl from  likely be incomplete. This would lead to a net accumulation
6 to 8, both 1:1 and 1:2 modes appeared depending,on of the inhibitor around OSC1, and consequently firing of
which means that this region corresponds to the weak coud®SC1 would be inhibited. This may account for the decrease
pling regime observed in the experiment. Thus the numericah the firing number with increasing above .
simulation approximately reproduces the experimental obser-
vations. Comparing Fig.(8) with Fig. 4(a), however, there
still exists a discrepancy between them; the profiles,oh, We have experimentally and numerically investigated the
vs B in the weak coupling regime are opposite to each otheresponse of two coupled excitable BZ oscillators to an exter-

IV. CONCLUSION
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nal electric noise. Various modes of phase locking were insystems with diffusion coupling. As diffusion coupling is not
duced by controlling both the noise amplitude and the sepaso peculiar in excitable biological systems, however, an un-
ration between the two oscillators. The most strikingderstanding of those noise effects appears to be necessary for
characteristic of the present coupled system is that phase better understanding of noise-enhanced intercellular com-
locking in the weak coupling regime occurs through coher-munication.

ence resonance. This fashion is entirely different from that in

coupled self-sustained oscillators. Furthermore, two-mode ACKNOWLEDGMENTS
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